We find in one-loop calculations and spectator models that twist-3 GPDs exhibit discontinuities. In the forward limit these discontinuities grow into Dirac delta functions which are essential to satisfy the sum rules involving twist-3 PDFs. We calculate twist-3 quasi-PDFs as a function of longitudinal momentum and identify the Dirac delta function terms with momentum components in the nucleon state that do not scale as the nucleon is boosted to the infinite momentum frame.
M and nearly zero momentum in the transverse direction, i.e. P T ≈ 0 [10] . In the IMF the twist of a distribution can be identified with its behavior under a longitudinal momentum boost. While twist-2 distributions are invariant under the boosts along the longitudinal direction, twist-3 distributions scale as 1/P + . In the Bjorken limit, the matrix elements are dominated by twist-2 operators [49] . Even though they are mostly relevant for subleading corrections, there are several motivations to study twist-3 GPDs.
• They involve a novel type of information on qgq correlations which is not contained in twist-2 distributions.
These qgq correlations can be interpreted as an average transverse force acting on the quarks inside a nucleon.
The new information embodied in twist-3 GPDs is the distribution of that force on the transverse plane [11] .
• Twist-3 corrections may not be negligible in the upcoming detailed measurements of DVCS amplitude at 12 GeV in Jefferson Lab.
• Twist-3 GPDs may provide an alternative source of information on orbital angular momentum of the quarks through the sum rule which relates the second moment of a particular twist-3 GPD, G 2 and kinetic angular momentum of the quarks inside a longitudinally polarized nucleon [12, 13] ,
where x is the average longitudinal quark momentum, ξ is the longitudinal and t is the total momentum transfer to the nucleon.
Twist-3 GPDs generically exhibit discontinuities at the points of particular interest and importance (x = ±ξ). These points correspond to configurations in which one of the partons has a vanishing momentum component in the matrix element describing the scattering amplitude. There are several studies [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] which reveal the discontinuties of twist-3 GPDs using Wandzura-Wilczek (WW) approximation [29] . However, we show that without using WW approximation twist-3 GPDs are also discontinuous in quark target model (QTM) and scalar diquark model (SDM). Potentially such discontinuities lead to divergent scattering amplitudes and endanger the factorization of the hard-scattering process [30] . However in Ref. [31] it has been shown that the discontinuities cancel for the linear combinations of twist-3 GPDs arXiv:1811.00938v1 [nucl-th] 2 Nov 2018 which enter the DVCS amplitude and therefore twist-3 amplitudes are consistent with DVCS factorization. Even though they do not exhibit a problem for factorization we will show that in the forward limit these discontinuties can grow into Dirac delta functions which are essential for satisfying relevant Lorentz invariance relations. Investigating twist-3 quasi-PDFs as a function of longitudinal momentum reveals that the Dirac delta function terms correspond to momentum components in the nucleon state that do not scale as the nucleon is boosted to the IMF.
There are several parametrizations of the correlators which define GPDs [22, 24, 28] . The relations between the different parametrizations are given in Ref. [31] . We use the following parametrization [25] and adopt the light front gauge A + = 0 where the Wilson lines can be ignored [32] ,
In Eqs. (2) and (3) P (P ) is the incoming (outgoing), p + is the average longitudinal nucleon four-momentum, S(S ) is the initial (final) nucleon spin, M is the nucleon mass and H, E, H, E are twist-2, G 1 , ..., G 4 , G 1 , ..., G 4 are twist-3 GPDs.
In this study, we focus on the twist-3 GPDs, G 2 and G 2 since they are essential in the sense that G 2 is related to the quark kinetic orbital angular momentum via Eq.(1) and G 2 reduces to g 2 (x) in the forward limit which enters the polarized DIS cross section [33] . This paper is organized as follows: In section II and III, the twist-3 GPDs, G 2 and G 2 are calculated in QTM and SDM respectively. The discontinuities of G 2 and G 2 and their behavior under decreasing longitudinal momentum transfer are investigated. In section IV twist-3 PDF, g 2 (x) and quasi-PDF, g quasi 2 (x) are calculated using SDM. The discontinuities of G 2 in the forward limit are identified with Dirac delta function terms in g 2 (x). Calculation of g quasi 2 (k z ) reveals that these Dirac delta function terms correspond to the momentum components in the nucleon state that do not scale as the nucleon is boosted to the IMF. As shown in section V neclecting the Dirac delta functions would lead to an apparent violation of sum rules for twist-3 PDFs and GPDs. In section VI our work is summarized.
II.
G2 AND G2 IN QUARK TARGET MODEL In QTM a quark or an anti-quark releases a photon/gluon and recombines with it after the interaction. FIG.1 shows QTM in a symmetric frame where the kinematic variables are, ∆: The four-momentum transfer,
The incoming (outgoing) four-momentum,
The average momentum (with p ⊥ = 0),
The four-momentum before (after) the interaction.
To calculate G 2 , the matrix element on the left-hand side of Eq. (2) is written using QTM with the vertex operator
and the coefficient of the vector structure, (H + E + G 2 ) is identified. In Eq.(4) g is the coupling strength, m and λ are the quark and renormalization mass repectively. To extract G 2 from the combination (H + E + G 2 ), H is calculated in QTM using the parametrization,
For simplicity, only the divergent contributions are considered. E is finite therefore does not contribute to the divergent parts of the matrix elements in Eqs. (4) and (5).
To evaluate the k − integrals on the left-hand side of Eq.(4), the three regions regarding the interval of longitidunal momentum fraction (x = k + /p + ) have to be distinguished. Identifying ξ = ∆ + /2p + with the longitudinal momentum transfer fraction,
• for ξ < x ≤ 1, the incoming and outgoing longitudinal momentum fractions, x − ξ and x + ξ , are both positive and the correlator involves an incoming and outgoing quark.
• For −ξ ≤ x ≤ ξ, the incoming longitunal momentum fraction, x − ξ, is negative and outgoing, x + ξ, is positive. In this region the correlator involves an incoming anti-quark and outgoing quark.
• For −1 ≤ x < ξ, both momentum fractions are negative, describing an incoming and outgoing anti-quark.
The regions ξ < x ≤ 1 and −1 ≤ x < ξ are commonly referred to as DGLAP regions [34] [35] [36] [37] and −1 ≤ x < ξ as ERBL region [38, 39] . Taking m = λ = 1 for simplicity, the divergent part of G 2 in QTM is calculated as,
where Λ ⊥ is the transverse momentum cut off. Since it violates the conservation of momentum in QTM, the distribution does not have a support in the region, −1 < x < ξ. To calculate G 2 , the matrix element on the left-hand side of Eq. (3) is written using QTM with the vertex operator Γ = γ ⊥ γ 5 and the coefficient of the axial vector structure, (
H is calculated in the same model but with the vertex operator Γ = γ + γ 5 using the parametrization,
Taking m = λ = 1 for simplicity and considering only the divergent parts where E does not contribute to the matrix elements in Eqs. (7) and (8), G 2 is calculated as,
As FIG. 2 shows G 2 and G 2 exhibit discontinuities at the points x = ±ξ which correspond to vanishing longitudinal momentum components in the initial or final state. In the limit of ξ → 0, the discontinuities of G 2 stay finite and the contribution from the ERBL region partially cancels upon integrating over x. Whereas, the discontinuities of G 2 diverge and its ERBL region resembles a representation of Dirac delta function as explained in the Appendix. In the following section the discontinuties of G 2 and G 2 and their behaviors as ξ → 0 are investigated using SDM.
III. G2 AND G2 IN SCALAR DIQUARK MODEL
In scalar quark diquark model (SDM) the three valence quarks of the nucleon are considered to be a bound state of a single quark and a scalar diquark. We assume that the virtual photon is interacting only with the single quark (active quark) and the scalar diquark is only a spectator.
To calculate G 2 , the matrix element on the left-hand side of Eq. (2) is written using SDM,
and the coefficient of the vector structure, (H + E + G 2 ), is identified. In Eq.(10) m and λ denotes the quark and diquark mass respectively. G 2 is extracted considering only the divergent contributions as in the QTM case,
To calculate G 2 the matrix element in Eq. (3) is written using SDM,
the axial vector structure coefficient, ( H + G 2 ) is identified and the divergent part of G 2 is extracted,
Discontinuties of the twist-3 GPDs, G2 and G2 in QTM for m = λ = 1, Λ ⊥ = 2, and g 2 = 1.
As shown in FIG. 4 , G 2 and G 2 exhibit discontinuities at the points x = ±ξ also in SDM. These discontinuities diverge as ξ → 0 and the ERBL regions of both GPDs resemble a representation of a Dirac delta function. The behavior of the discontinuties of G 2 and G 2 as ξ → 0 in QTM and SDM are summarized in TABLE I. In the following section twist-3 PDFs and quasi-PDFs are investigated using SDM.
Twist-3 GPD QTM SDM
G2

Divergent Divergent
G2
Finite Divergent The behavior of the discontinuties of the twist-3 GPDs, G2 and G2 as ξ → 0 in QTM and SDM.
IV. TWIST-3 PDFS AND TWIST-3 QUASI-PDFS IN SCALAR DIQUARK MODEL
For equal momenta and spins of the initial and final hadron states, the matrix elements defining GPDs reduce to the matrix elements defining PDFs [40] . There are three quark PDFs (f 1 , g 1 , h 1 ) at twist-2 level and three quark PDFs (e, h L , g 2 ) at twist-3 level. The complete set of PDFs is defined by the matrix elements of quark bilocal operators,
dλ 2π
where P, S and M are the momentum, spin and mass of the parent hadron respectively.p andn are light-like vectors, i.e.p 2 =n 2 = 0, with the components,p − =p ⊥ = 0,p
x represents the parton's light-cone momentum fraction and each PDF has a support in the interval, −1 ≤ x ≤ 1. The PDFs f 4 , g 3 and h 3 appear at twist-4 level. In the parametrization given by Eq.(15) g T (x) = g 1 (x) + g 2 (x).
Even though the matrix elements entering the cross section are usually dominated by twist-2 operators in the Bjorken limit, and twist-3 operators are mostly relevant for subleading corrections, the twist-3 PDFs, g 2 (x) and h L (x) are unique in the sense that they appear as leading contributions in some spin asymmetries; for example, g 2 (x) can be measured in the transversely polarized DIS and h L (x) can be measured in the longitudinal-transverse double spin asymmetry in the polarized Drell-Yan process [41] . The twist-3 GPD, G 2 reduces to the twist-3 PDF, g 2 (x) in the forward limit. In order to investigate the Dirac delta function behavior of G 2 in the ERBL region in the forward limit, g 2 (x) = g T (x) − g 1 (x) is calculated as explained in Appendix.
g 2 (x) contains the following term which involves a Dirac delta function, δ(x),
where m is the quark mass, M is the nucleon mass and Λ ⊥ is the transverse momentum cut off. 
which is performed using Cauchy's theorem. Obviously for k
since enclosing the double pole,
2k + − i 2k + can be avoided by closing the contour in approriate half-plane of the complex k − -plane. However,
Combining Eq.(20) with Eq.(21) thus implies,
Therefore the singular term is,
The term in Eq. (23) is given in terms of longitudinal momentum, k + . In order to express it as a function of longitudinal momentum fraction, it is integrated over k + and multiplied by P + ,
We now consider the twist-3 quasi-PDF, g quasi 2 (x) to illustrate the origin of the Dirac delta function contribution. While PDFs are calculated using light-cone coordinates, when calculating quasi-PDFs one treats the operators in normal coordinates where the nucleon moves purely in spatial direction with a momentum P z [42, 43] . PDFs are recovered from quasi-PDFs by taking the limit P z → ∞ [44] [45] [46] . In addition, we also consider the distributions as functions of longitudinal momenta, i.e. g 2 (k + ) and g FIG.6 have two components one of which obey the twist-3 scaling properties while the other component at k z (k + ) = 0 does not scale as the nucleon is boosted to higher longitudinal momenta, i.e. does not change as 1/P z (1/P + ). The non-scaling component of PDF, g 2 (k + ) corresponds to the term g 2,δ (k + ) given by Eq. (23) while the non-scaling component of the quasi-PDF g quasi 2 (k z ) originates from the term, seen that the non-scaling component of the quasi-PDF g quasi 2 (x) grows proportionally to the longitudinal momentum boost while its width decreases and has support only for x = 0. Therefore as the nucleon is boosted to the IMF, it can be identified with a representation of a Dirac delta function at x = 0 .
Operator product expansion (OPE) analysis of the matrix elements allows the twist-3 distributions to be decomposed into the contributions expressed in terms of twist-2 distributions (WW-part) [29] , a quark mass term and the rest which involves interactions. For example for g 2 (x) the decomposition reads, (27) where the WW-part is given by [47] ,
In QCD g 3 2 (x) corresponds to the pure quark-gluon correlation part of the twist-3 distribution. These pure quark-gluon correlations which are also called genuine twist-3 terms, involve a novel type of information that is not contained in twist-2 distributions. For example, the x 2 moment of the genuine twist-3 part of polarized PDF g 2 (x) can be identified with the transverse component of the color-Lorentz force acting on the struck quark at the instant after absorbing the virtual photon [11] .
An important question is whether the components which do not scale under a longitudinal momentum boost come from the WW parts of twist-3 distributions. In order to address this question, in addition to g 1 (x) and g 2 (x), also the twist-2 PDFs f 1 (x), h 1 (x) and twist-3 pdfs e(x), h L (x) are calculated using SDM. The PDFs calculated with QTM are taken from Ref. [48] .
TABLE II: Dirac delta functions in PDFs calculated using SDM and QTM. × denotes there is no δ(x) and √ denotes there is a δ(x) in a PDF.
As shown in TABLE II, all the twist-3 PDFs calculated in SDM and QTM contain a δ(x) term only with the exception of g 2 (x) in QTM. Whereas, such a term does not appear in any of the twist-2 PDFs. As an example, the twist-2 PDF g 1 (x) and the twist-2 quasi-PDF g quasi 1 (x) are calculated in SDM. FIG. 8 shows that g quasi 1 (x) converges to g 1 (x) as P z → ∞ without generating a δ(x). Therefore any potential singularity which can result from the integral in Eq. (28) does not originate from Eq. (19) . For this reason the WW part is not the source of the δ(x) contribution in a twist-3 distribution.
As another example, twist-3 PDF, e(k + ) and quasi-PDF, e quasi (k z ) are shown in FIG. 9 . As the nucleon is boosted to the IMF e quasi (k z ) converges to e(k + ). e(k + ) contains a δ(k + ) term which corresponds to a non-scaling term in e quasi (k z ) at k z = 0 as P z → ∞. FIG.10 shows that, this component becomes a representation of δ(x) in e quasi (x) as the nucleon is boosted to the IMF.
V. VIOLATION OF SUM RULES
In this section we investigate the sum rules involving twist-3 parton distributions and conclude that they are violated if the δ(x) contributions are not included. The point x = 0 is not experimentally accessible in DIS since it is not consistent with the Bjorken limit. However if conclusions are drawn from the smooth behavior near x = 0 about the behavior at x = 0 the sum rules would appear to be violated. Nevertheless there is no doubt in the validity of these sum rules since they are direct consequences of Lorentz invariance. Therefore the violation of the sum rules from the experimental data would provide an indirect evidence on the existence of the Dirac delta functions.
Lorentz invariance of twist-3 GPDs imply that,
If there is a δ(x) and if it is not included, the Lorentz invariance of twist-3 GPDs would be violated as follows,
The Lorentz invariance relations in Eq. (29) can be regarded as non-forward generalization of Burkhardt-Cottingham sum rule involving the twist-3 PDF g T (x) [50] ,
Since the left-hand side of Eq. (32) is the axial charge, the integral on the right-hand side is finite. If the twist-3 PDF g T (x) has a contribution proportional to δ(x) and g 1 (x) does not, experimental measurements would not be able to confirm the sum rule in Eq.(32) and claim its violation. The same argument applies to the sum rule in Eq. (33) , in which left-hand side is equal to the tensor charge. 
Another sum rule including a twist-3 PDF is the σ-term sum rule given by Eq.(34), which provides a relation between quark mass m and nucleon mass M ,
If e(x) contains a δ(x), similary the sum rule in Eq. (34) is violated if the δ(x) is not included,
VI. SUMMARY
We have investigated the twist-3 GPDs, G 2 and G 2 using QTM and SDM. In both models these twist-3 GPDs exhibit discontinuities at the points x = ±ξ. In the limit, ξ → 0 the discontinuities of G 2 are divergent in both QTM and SDM. Therefore its ERBL region resembles a representation of a δ(x). However the discontinuities of G 2 behave differently in the two different models. While they diverge in SDM, they stay finite in the QTM as ξ → 0.
In the forward limit, the twist-3 GPD, G 2 reduces to twist-3 PDF g 2 (x) and the discontinuities grow into a δ(x) in SDM. Calculation of the quasi-PDF g quasi 2 (k z ) reveals that the δ(x) term corresponds to a component that does not scale as the nucleon is boosted to the IMF. The δ(x) contribution is not unique to the case of g 2 (x) and all the other twist-3 PDFs contain a δ(x) in both QTM and SDM only with the exception of g 2 (x) in the QTM. These δ(x) terms are not related to the twist-2 (WW) parts of the twist-3 PDFs since model calculations show that none of the twist-2 PDFs contain such a term. Violations of the sum rules containing twist-3 PDFs and GPDs experimentally would provide an indirect evidence on the existence of these δ(x) contributions.
In generalized tadpole diagrams, i.e. diagrams where a subdiagram is connected to the rest of the diagram at a single vertex, the appearance of δ(x) terms is trivial. Since there is no momentum flowing through that subdiagram it is clear that the contribution to PDFs from the subdiagram does not scale in the IMF. However for the rainbow-like diagrams considered here it is not trivial but we demonstrated that for higher twist PDFs there still appears such a component which does not scale.
VII. APPENDIX
A. G2 In QTM
The divergent part of G 2 is calculated as,
k − in the numerator of Eq.(36) can be replaced by the following expression,
The second term in Eq.(37) cancels the propagator in the denominator in Eq.(36) leading to the following contribution which is nonzero only in the ERBL region, −ξ < x < ξ.
The result of this integral is dominated by the following term which diverges as ξ → 0 yielding a representation of δ(x),
B. G2 In QTM
The divergent part of G 2 is calculated as
k − in the numerator of Eq. (40) can be replaced by the expression given by the Eq. (37) , where the second term cancels the propagator in the denominator leading to the contribution,
The result of this integral is dominated by the following term,
Due to the apprearence of ξ 2 in the numerator this expression is finite as ξ → 0 unlike the expression in Eq.(39)
the numerator of the integrand in Eq. (45) is calculated, u(P )(k / + m)γ ⊥ γ 5 (k / + m)u(P ) = 4k
